An increasing number of young circumstellar disks show strikingly ordered (sub)millimeter polarization orientations along the minor axis, which is strong evidence for polarization due to scattering by ∼ 0.1 mm-sized grains. To test this mechanism further, we model the dust continuum and polarization data of HD 163296, one of the best observed disks with prominent rings and gaps, using the RADMC-3D radiative transfer code. We find that scattering by grains with a maximum size of 90µm can simultaneously reproduce the polarization observed at 0.87 mm (ALMA Band 7) and the unusually low spectral index of α ∼ 1.5 between 0.87 and 1.25 mm (ALMA Band 6) in the optically thick inner disk ( 30 AU) as a result of more efficient scattering at a shorter wavelength. The relatively low spectral index of α ∼ 2.5 inferred for the optically thin gaps is also reproduced by the same (relatively small) grains, as a result of telescope beam averaging of the gaps (with an intrinsic α ∼ 4) and their adjacent optically thick rings (where α 2). In this case, the long-standing tension between the grain sizes inferred from polarization and spectral index disappears because the relatively low α values are illusory and do not require large mm-sized grains. In addition, the polarization fraction has a unique pattern of azimuthal variation: higher along the major axis than the minor axis in the gaps but higher along the minor axis than the major axis in the rings. We find a rapidly declining polarization spectrum (with the fraction p ∝ λ −3 approximately) in the gaps, which becomes flattened or even inverted towards short wavelengths in the optically thick rings. These contrasting behaviors in the rings and gaps provide further tests of scattering-induced polarization that can be tested via multi-wavelength observations that resolve the disk substructure.
INTRODUCTION
(Sub)millimeter polarization observations of disks around young stellar objects have been increasing in number, spatial resolution, and wavelength coverage (e.g. Rao et al. 2014;  E-mail: zdl3gk@virginia.edu Stephens et al. 2014; Cox et al. 2015; Kataoka et al. 2016b; Fernández-López et al. 2016; Stephens et al. 2017; Alves et al. 2018; Bacciotti et al. 2018; Harris et al. 2018; Hull et al. 2018; Lee et al. 2018; Girart et al. 2018; Dent et al. 2019; Harrison et al. 2019; Mori et al. 2019; Sadavoy et al. 2018a Sadavoy et al. ,b, 2019 Vlemmings et al. 2019) . The original scientific goal was to determine the magnetic field in disks through magneti-cally aligned grains, analogous to the interpretations of large scale star-forming regions (e.g. Girart et al. 2006; Stephens et al. 2013; Hull et al. 2014) . The magnetic fields are widely believed to play a key role in disk structure and dynamics (e.g. Blandford & Payne 1982; Balbus & Hawley 1991; Turner et al. 2014) which determine the conditions of planet formation (e.g. Morbidelli & Raymond 2016) .
However, the theoretical interpretations of polarization observations of disks remain uncertain. In addition to alignment with the magnetic field via radiative torques (e.g. Andersson et al. 2015) , there are several other mechanisms that can align non-spherical grains, such as through radiative anisotropy (Lazarian & Hoang 2007a; Tazaki et al. 2017) , mechanical alignment torques (Lazarian & Hoang 2007b; Kataoka et al. 2019) , or aerodynamic alignment (Gold 1952; Lazarian 1995) . Furthermore, the temperature structure may influence the interpretation of the alignment direction when disks are optically thick (Yang et al. 2017; Ko et al. 2019, Lin et al., submitted) and so does the porosity of non-spherical grains as long as the grain size is larger or comparable to wavelength (Kirchschlager et al. 2019) . To further complicate the situation, spherical grains can also produce polarization by dust self-scattering (Kataoka et al. 2015; Yang et al. 2016 Yang et al. , 2017 . Polarization by self-scattering depends on the radiation field of the observing wavelength. For inclined axisymmetric disks, the observational features can be simple: the polarization orientation tends to be along the disk minor axis; the level of polarization is roughly ∼ 1%; and the level of polarization is generally expected to decrease with increasing wavelength in the limit of scattering by grains smaller than the observing wavelength in an optically thin medium. Indeed the scattering interpretation of disk polarization is favored in several targets (e.g Stephens et al. 2014; Cox et al. 2015; Kataoka et al. 2016b; Stephens et al. 2017; Bacciotti et al. 2018; Hull et al. 2018; Lee et al. 2018; Girart et al. 2018; Harris et al. 2018; Dent et al. 2019 ). However, given the plethora of polarization mechanisms, the scattering interpretation may not be unique. Independent evidence for dust scattering is highly desirable to validate the interpretation.
One way to validate scattering at (sub)millimeter wavelengths is through the dust continuum spectral index, α, defined by α ≡ d log I ν /d log ν where I ν is the intensity. Consider an isothermal slab of purely emitting dust (without scattering) with an optical depth of τ. In the Rayleigh-Jeans and optically thin (τ → 0) limit, α = β dust + 2 where β dust is the dust opacity index, defined by κ abs ∝ ν β dust . κ abs is the dust absorption opacity. It is expected that 0 < β dust 2 depending on the composition or size of the grain (e.g. Draine 2006 ). In the optically thick limit (τ → ∞), α = 2, which is the frequency dependence of the Rayleigh-Jeans Law, and the information of β dust is lost. From an observational standpoint, it is convenient to define an inferred opacity index by β ≡ α − 2. In this case, β = β dust only in the optically thin limit (τ → 0) and β = 0 in the optically thick limit (τ → ∞). When scattering is included, Birnstiel et al. (2018) demonstrated that an increase in the albedo of grains decreases the emerging intensity, i.e., scattering makes objects appear dimmer. Zhu et al. (2019) further investigated the wavelength dependence of the one-dimensional scattering slab and deduced that, in the optically thin limit, α = β dust + 2, which is the same relation as that without scattering. The difference is in the optically thick limit, where the albedo determines the spectral index: spectral index can be lower than 2 for an albedo that decreases with increasing wavelength. Liu (2019) demonstrated that the low spectral index of TW Hya can be explained by grains with maximum sizes on the order of 10-100 µm when scattering is included. This maximum grain size is on the scale of the grains inferred from polarization of other targets such as HD 142527 (Kataoka et al. 2016b) , HL Tau (Kataoka et al. 2016a) , and IM Lup (Hull et al. 2018 ). If scattering is the favored mechanism for the polarization and the spectral index can in principle be explained by scattering, it is natural to ask: can scattering simultaneously reproduce both the polarization fraction and the spectral index in a particular object quantitatively? If so, the case for scattering would be greatly strengthened.
We seek to address the above question for the wellstudied disk of the Herbig Ae star HD 163296. It is a Class II source at a distance of 101 pc (Gaia Collaboration et al. 2018) . Rings and gaps in the disk were first resolved in Isella et al. (2016) using the Atacama Large Millimeter/Submillimeter Array (ALMA) and further substructures were resolved in The Disk Substructures at High Angular Resolution Project (DSHARP; Andrews et al. 2018; Isella et al. 2018) . The disk is a particularly suitable source to study polarization and the spectral index since both measurements are available (Dent et al. 2019) . It was shown in Dent et al. (2019) that the spatially resolved polarization image can be explained by dust self-scattering (see also . In particular, the polarization orientation is mainly along the disk minor axis and the anticorrelation of polarization fraction to the total intensity (Stokes I) of the dust emission along the major axis is broadly consistent with the expected anisotropy of the radiation field that plays an important role in the scattering-induced polarization (Kataoka et al. 2015; Yang et al. 2016) . However, the model first explored in Dent et al. (2019) did not reproduce the low spectral index even though scattering was included. In particular, the central region of the disk, within a radius of ∼ 40AU, has α < 2 (i.e., β < 0). The unique combination of polarization pattern and low spectral index of HD 163296 provides a rare opportunity to quantitatively test whether dust scattering can reproduce both effects.
The structure of the paper is as follows: we prescribe a disk model in Section 2 and calculate the expected images based on a Monte Carlo radiative transfer code. The results are presented in Section 3. We discuss the results in Section 4 and conclude in Section 5.
MODEL SETUP
In this section, we describe the dust opacity model and disk model considered to study HD 163926. To compare with observations, we will use the Monte Carlo radiative transfer code RADMC-3D 1 to produce observable quantities including polarization. The independent observational constraints considered are the high-angular resolution observations at Band 6 (λ = 1.25mm) from DSHARP 2 , the polarization 1 http://www.ita.uni-heidelberg.de/~dullemond/software/ radmc-3d/ 2 https://bulk.cv.nrao.edu/almadata/lp/DSHARP/ fraction at Band 7 (λ = 0.87mm), and the spectral index calculated in Dent et al. (2019) .
Dust Opacity
We follow the DSHARP dust model prescribed in Birnstiel et al. (2018) . Opacity is calculated using Mie Theory which assumes compact (non-porous) spherical grains and requires as input parameters the grain size and refractive indices. The dust model is a mixture of water ice, astronomical silicates, troilite, and refractory organic material with mass fractions of ∼ 0.2, 0.33, 0.07, and 0.4, respectively. The respective refractive indices of the different components are taken from Warren & Brandt (2008) , Draine (2003) , and, for the latter two, Henning & Stognienko (1996) . Furthermore, we average over a grain size distribution that follows a simple power-law, a −3.5 , the standard MRN grain size distribution (Mathis et al. 1977) , where a is the grain size. The minimum grain size is fixed at 0.01µm, while the maximum grain size a max is left as a free parameter. The precise value for the minimum grain size makes little difference (Kataoka et al. 2015; Birnstiel et al. 2018) . Mie opacity calculation is implemented using the python version of the Mie code available in RADMC-3D. The Mie code was ported from the Fortran 77 version by Bruce Draine 3 that is based on the original code published by Bohren & Huffman (1983) .
A useful quantity to assess the dust scattering-produced polarization at a given wavelength, λ, is the product of the single scattering albedo, ω ν , and single scattering polarization fraction taken at 90 • , P = −z 12 /z 11 , where z 12 and z 11 are elements of the scattering matrix (Kataoka et al. 2015) . ω ν increases rapidly as the grain size parameter x ≡ 2πa/λ approaches unity, but the latter drops quickly for large (x > 1) grains. These two competing effects mean that the polarization at a given wavelength is determined by grains of a certain range of sizes (Kataoka et al. 2015) . For a particle with a size larger than the wavelength, forward scattering dominates ω ν even though forward scattering is effectively not scattering. A simple replacement for the apparent scattering efficiency is the effective albedo, ω eff ν = (1 − g ν )ω ν where g ν is the forward-scattering parameter (Ishimaru 1978; Birnstiel et al. 2018; Tazaki et al. 2019; Zhu et al. 2019) . Figure  1 shows the calculated P and ω eff for ALMA Band 7 (λ = 0.87mm) as a function of the maximum grain size. The product, Pω eff ν , gives the grain size that contributes most to the polarization at the observing wavelength. Figure 1 shows that the optimal maximum grain size for producing polarization at λ = 0.87mm is 90µm. We will therefore hold a max fixed at this value for our models and assume the same dust population throughout the whole disk; note that this value is somewhat smaller than the fiducial grain size of 140µm adopted by for their independent modeling of the HD 163296 disk polarization. The corresponding absorption opacity, effective albedo, and the forward-scattering parameter are κ abs = 0.97 cm 2 g −1 per gram of dust, ω eff ν = 0.64, and g ν = 0.15 at λ = 0.87mm, whereas at λ =1.25mm, κ abs = 0.46 cm 2 g −1 , ω eff ν = 0.47, and g ν = 0.044. The opacity index β dust index between the two wavelengths is 2.06.
Disk Model
We consider a dust density distribution that is determined by distributions of surface density and scale height. We follow the DSHARP notation in Huang et al. (2018) to describe the substructures of HD 163296. For example, "B100" represents the bright annular feature with a radius of 100 AU. To model HD 163296-like disks with prominent substructures (rings and gaps), we adopt a composite surface density distribution Σ d that is composed of two different types of profiles: power-law-like profiles and Gaussian-like profiles. The former consists of a power-law distribution within a region between radii of R a and R b and an exponential decrease interior and exterior to the region:
where R is the cylindrical radius, Σ p,0 the surface density at the inner edge R a of the range and p the power-law index. The quantities σ a and σ b correspond to the characteristic distance over which the surface density decreases interior to R a and exterior to R b , respectively. This type of profile is particularly suitable for modeling the inner disk (R < 50AU) and the outer B100 region of HD 163296. Since gaps may not be entirely free of material, we adopt a surface density floor using the same power-law-like profile but with p = 0. We do not consider the innermost ring (B14) and gap (D10), because those features are not resolved in the spectral index map or in the polarization image that we seek to model. We also ignore the small-scale non-axisymmetric (crescent-like) feature interior to B67 for simplicity.
The Gaussian-like profile is prescribed as
where R 0 is the radius of the center of the profile, Σ G,0 is the surface density at R 0 , and σ c and σ d are the widths of the Gaussian distributions interior and exterior to R 0 respectively. This type of profile is particularly suited for modeling rings. The full surface density profile is obtained by summing all the various power-law-like and Gaussian-like profiles:
where i is the dummy variable that iterates through the number of assigned components.
For the temperature distribution of the large (90 µm) grains that are responsible for the scattering-induced polarization in our model, we adopt the following simple powerlaw:
where T t is the temperature at a characteristic radius R t and q is the power-law index 4 . For our Monte Carlo radiative transfer calculations of the disk polarization and spectral index, the mass density of the dust must be specified. It is parameterized by
where z is the cylindrical height and H is the dust scale height, parameterized as H = H t (R/R t ) q/2+3/2 . Ideally, both the dust and temperature distributions should be computed self-consistently, but doing so is numerically costly and it would require additional assumptions about the level of turbulence in the disk and the abundance of small grains which absorb the stellar radiation near the disk surface. These are beyond the scope of this paper.
Using the 1D Slab Model to Estimate Parameters
To constrain model parameters, one can implement a gridbased search or other parameter fitting methods, e.g., Markov-Chain Monte Carlo. However, polarization radiative transfer calculations are computationally expensive, thus we choose to first estimate the parameters needed to fit the Bands 6 and 7 data observed in HD 163296 at several representative locations with the help of a one-dimensional (1D, plane-parallel) analytic model. Following Birnstiel et al. (2018) and Zhu et al. (2019) , we consider a 1D isothermal slab with scattering where the observed intensity at a given wavelength can be computed analytically for different optical depths and temperatures. We fix the inclination angle to 46.7 • , which was measured by fitting ellipses to the continuum annular substructures (Isella et al. 2018) . Using the opacity determined in Section 2.1, we search through a parameter space of temperature and surface density of the slab and calculate the expected intensities at ALMA Bands 6 and 7 and the spectral index between the two.
The color maps of Figure 2 show the calculated intensity at Bands 7 and 6 and the spectral index. The intensities are scaled by the respective finite beam sizes of the observations for direct comparison in the remainder of this section. For a given temperature, the intensity increases with increasing surface density and reaches an asymptotic value as the slab becomes optically thick (see Equation 12 Figure 2c , we see that the spectral index in the optically thin limit measures the opacity index determined by the absorption opacity and decreases to a constant value determined by the albedo and viewing inclination as the optical depth increases (see Equations 21 and 22 of Zhu et al. 2019 ). The constant value in the optically thick regions can have α < 2, i.e., β < 0, (the right side of the dotted line in Figure 2c ). We can also see that at low temperatures where the Rayleigh-Jeans limit is inapplicable, the spectral index decreases faster and also reaches a lower value. This is because the Planck function produces lower intensity at higher frequency than that in the Rayleigh-Jeans limit and thus create a lower spectral index.
We directly compare with the observations using the values at B100 as a demonstration. We overlay the range that encloses 10% of the measured Stokes I at Bands 7 and 6 to account for the absolute flux calibration uncertainty of ALMA observations and an uncertainty of 0.3 for the measured spectral index (Dent et al. 2019 ; which used a 7% calibration uncertainty). There is a limited range of surface density and temperature that can simultaneously reproduce the data. These constrained ranges serve as a consistency check and provide a starting point for exploring the parameter space using Monte Carlo radiation transfer calculations in Section 3.
In Figure 3 , we overplot the regions that fulfill the observed constraints within its uncertainty for the three representative radii of the bright bands: 20, 67 and 100AU. The constraints are listed in Table 1 . In panel 3a, there is a threshold surface density above which increased surface density does not alter the intensity and spectral index. This threshold is achieved simply because both wavelengths become optically thick and thus the intensity only depends on wavelength or temperature. At B67, or panel 3b, the range for the spectral index does not permit large surface densities and thus suggests that the ring cannot be very optically thick (unlike the inner disk). For both panels 3b and c, the intersecting range is in the region where spectral index falls quickly with surface density, which hints that these rings are not in the Rayleigh-Jeans limits. Table 1 . Values from observations used for 1D slab estimation in Section 2.3. The first column is the radius in AU. The second to fourth columns are the observed values for the fluxes in Bands 7 and 6 and the spectral index α between the two bands.
NUMERICAL RESULTS

Polarization Image
Guided by the analytical estimates in section 2.3, we performed a set of RADMC-3D-based radiative transfer calculations including polarization from scattering. A set of parameters for the model that fits the observational data for HD 163296 is presented in Table 2 . We plot the image results in Figure 4 . To consider finite resolution, the Stokes I images are convolved by a Gaussian beam with a circular FWHM of 0.043" for Band 6. The polarized intensity, polarization fraction, and polarization orientation at Band 7 are produced after the Stokes Q and U images are first convolved individually with a circular FWHM of 0.2". The spectral index is calculated after Band 7 and Band 6 Stokes I are each convolved by a Gaussian beam with a circular FWHM of 0.175" first to match that from Dent et al. (2019) . The val-ues for the FWHM are the geometric mean of the major and minor axes of the respective synthesized beams 5 . The images are only plotted up to 125AU in radius because we are mainly interested in the region with detected polarization (Dent et al. 2019) .
One can quickly verify that the Stokes I of Band 6 is qualitatively similar to the observations. The inner disk and the rings produce higher intensity relative to the gaps. Furthermore, the general polarization features at Band 7 match those of the observations. The polarized intensity is larger in the inner disk and rings. The polarization orientations are mainly in the disk minor axis direction, within ∼ ±10 • across the image. We plot the deviation, ∆θ, from the disk minor axis (x = 0) in panel (e) of Figure 4 in order to show the variation of polarization orientation.
The distribution of polarization orientation is similar to that observed and modeled by Dent et al. (2019) and . The polarization orientation is largely along the disk minor axis, which is expected for a
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5 4 25 Table 2 . A chosen set of parameters for the model. The first column displays the name of the parameter from Section 2 and its corresponding units in squared brackets. The parameters are separated into three main groups: the general parameters, parameters used for power-law-like surface density components, and parameters used for Gaussian-like surface density components. For the inner disk, the inner exponential decrease is ignored since it is not resolved and thus σ a = 0.
disk (Yang et al. 2016 (Yang et al. , 2017 . The distribution of the deviation reflects the radiation anisotropy previously discussed in Kataoka et al. (2015) ; Yang et al. (2016 Yang et al. ( , 2017 . For example, in an optically thin gap, most of the radiation comes from the adjacent rings or the inner disk, which is in the radial direction. The radial radiation anisotropy leads to a slightly more azimuthal polarization orientation in the gaps, as observed (see Figure 1d of Dent et al. 2019) .
Profiles along the Major Axis
For more quantitative comparisons, we take a cut along the major axis and compare the beam-convolved model images to observations in panels a to c of Figure 5 which show, respectively, the Stokes I of Band 6, the polarization fraction in Band 7, and the spectral index between Bands 7 and 6. The polarization data is taken from Figure 2a of Dent et al. (2019) where the polarization along the major axis is separated into the Northwest and Southeast directions. Note that the low spectral index values of ∼ 1.5 and the polarization fraction of ∼ 1% in the inner disk are well reproduced. The model optical depths along the major axis at Band 7 and 6 are plotted in panel d.
To identify the effects of convolution, we also plot the intrinsic model images without convolution. In the gap regions, the intrinsic spectral index approaches α ∼ 4, which is expected since the grains we are using have β dust = 2.06 (recall in the Rayleigh Jeans limit, α = β dust + 2). In the optically thick rings, the spectral indices are intrinsically low (∼ 1.5) because of preferential scattering at shorter wavelengths, although deviation of the black body radiation from the Rayleigh-Jeans limit also plays a role, especially for the outer, colder ring. The observed rings have α ∼ 2, which is not as low as that in the inner disk since the emission from the rings is blended with emission from the gaps that have much higher spectral indices.
The polarization fraction after convolution coincides with the observed polarization within the first gap, but is somewhat lower than the observed values at outer radii given by Dent et al. (2019) . However, our model matches better the polarization fraction presented in at outer radii (see, e.g., the top panel of their Figure 18 ). We should caution the reader that the polarization fraction may be significantly affected by the differential filtering of Stokes I vs. Q and U by interferometers such as ALMA. This effect has yet to be thoroughly quantified, and will be explored elsewhere.
We plot the input model temperature as a function of radius in panel e of Figure 5 . For comparison. We also plot the midplane temperature profiles found from existing literature, but scaled to our adopted distance of 101pc: 19(R/128AU) −0.3 K (Rosenfeld et al. 2013) , 22.5(R/124AU) −0.3 K (Flaherty et al. 2015) , and 24(R/83AU) −0.5 K (Isella et al. 2016) . We plot the brightness temperature of the observed DSHARP image (Andrews et al. 2018; Huang et al. 2018) . The brightness temperature is lower than our input temperature. This is expected for optically thin regions, since the optical depth is not large enough for the intensity to saturate to the source function, but also for optically thick regions, such as the inner disk and the rings, where scattering effects become significant (Birnstiel et al. 2018 ).
DISCUSSION
Consistency Check and Discrepancies
Optical Depth
We find that a grain size of 90µm, similar to the 100µm found in Dent et al. (2019) , reproduces their observed level of polarization in the inner disk, although it is lower beyond the first gap. However, the spectral index they obtained was ∼ 3.5 even in the inner disk and rings, which is most likely due to a lower optical depth adopted in their model compared with ours. For the inner disk at radius R 30 AU, we find that optical depths of ∼ 10 at Band 6 and higher for Band 7 are needed to produce the low spectral index observed there. The high optical depth of the inner disk implies that one would not be able to see the line emission from the back side of the disk (Zhu et al. 2019) . This seems to be the case judging from the DSHARP 12 CO channel maps (Isella et al. 2018) ; however, confirmation of this claim is beyond the scope of this paper. For the dust rings at 67 and 100 AU, we find optical depths of ∼ 3 at their centers in Band 6. These values are consistent with the constraints provided by Isella et al. (2018) , who found lower limits of ∼ 0.6 and 0.7, respectively, based the level of extinction of the 12 CO emission from the back side of the disk. ∆θ is plotted east from north (counter-clockwise) and ∆θ = 0 means the polarization orientation is parallel to the disk minor axis. The vectors in Panel e are oriented from the vertical direction by 3 × ∆θ to make the offsets obvious. The black ellipses for all six panels denote the rings. The Gaussian beams used for convolution are plotted as black filled circles.
Temperature
As seen in Figure 5e , we find a lower midplane temperature in comparison with previous literature. For Rosenfeld et al. (2013) and Flaherty et al. (2015) , the temperature structure is found by fitting CO emission lines, which mainly exist in the disk surface and do not directly trace the midplane temperature where large grains responsible for scattering-induced polarization are mostly located. In Isella et al. (2016) , the temperature was also determined by modeling the dust, but they obtained a higher temperature than ours. The higher temperature, however, was found in combination with optical depths that were generally 1 throughout the disk, which would not be able to explain α < 2 in the inner disk.
The Band 6 Stokes I for the innermost part of the disk ( 10 AU) appears to be higher than the observed value, indicating that the simple power-law temperature profile breaks down at small radii. The prescribed temperature profile also does not take into account the rings and gaps, which may be required for more precise fitting.
Dust Scale Height
In our model, the dust scale height is found to be 3AU at a radius of 100 AU. For a disk with dust settling, the dust vertical distribution is balanced by the downward gravity and the upward turbulent mixing. This results in a height that is a fraction of the gas pressure scale height (Dubrulle et al. 1995; Armitage 2015) . For an estimation, we approximate the fraction by:
where H d is the dust scale height and H g is the gas pressure scale height. The quantity α v here is the viscosity parameter (not to be confused with the spectral index); Ω is the Keplerian orbital frequency; and τ f is the frictional timescale defined by τ f ≡ ρ s a/ρ g c s where ρ s is the mass density of the solid, ρ g is the gas density, and c s is the thermal sound speed. We estimate the gas density structure from the multi-line fitting results in Flaherty et al. (2015) scaled to our adopted distance of 101pc. At a radius of 100 AU, H g = 8.7AU, gas surface density is 3.9 g cm −2 and ρ g = 1.2 × 10 −14 g cm −3 . From Section 2.1, the grain size is 90 µ m and ρ s ∼ 1.7 g cm −3 . We use the temperature found in Section 3 for c s . Using our prescribed dust scale height, the α v ∼ 1.7 × 10 −3 . The upper limit on the viscosity parameter was found to be α v 1 × 10 −3 (Flaherty et al. 2015) which is broadly consistent with our model result. considered two different dust populations with different scale heights, H d , at different radii to fit the polarization and found that H d /H g 1/3 for R 70AU and H d /H g ∼ 2/3 for R 70AU. Our results are consistent with the conclusion from and using a larger dust scale height at larger radii may increase the polarization fraction for our model. 
Apparent Low Opacity Index from Beam Averaging of Rings and Gaps
Measurements of the spectral index at (sub)millimeter wavelengths have long been used to infer grain sizes in protoplanetary disks. In particular, a relatively low inferred opacity index β ≡ α − 2 1 has often been taken as evidence for grains up to millimeter size or larger (Beckwith & Sargent 1991; Testi et al. 2014) . Such large (mm) sizes are in tension with the grain sizes inferred from disk polarization if the polarization arises from dust scattering (Kataoka et al. 2015) . For example, in the case of HL Tau, Yang et al. (2016) and Kataoka et al. (2016a) showed that polarization suggested ∼ 10 2 µm grains while the apparently low opacity index is taken as evidence for millimeter grains (Carrasco-González et al. 2019, see below) .
The same tension appears to exist for the target of the current study, HD 163296: namely, the Band 7 polarization is most naturally produced by 10 2 µm-sized grains through scattering but the apparent opacity index β is less than unity at small radii (within about 100 au; see Figure 5b ) which, in the usual interpretation, requires mm-sized grains. However, in this particular case, we have demonstrated that the low values of β can be produced by small, 10 2 µm-sized grains because of high-contrast disk substructures (specifically rings and gaps) and the averaging of the emission from these substructures. In particular, in our best-fit model shown in Fig-ure 5b, we have β ∼ 2 in the optically thin gaps and β ∼ −0.5 in the optically thick rings. The negative β comes from more efficient scattering at the shorter wavelength. After convolution with the telescope beam, the former is brought down to β ∼ 0.5, and the latter up to β ∼ 0. Therefore, in our interpretation, the low apparent opacity index β in the inner gaps of the HD 163296 disk does not correspond to β dust . As such, it cannot be used to infer the presence of large (mm-sized) grains. In this particular case, the tension in the estimation of grain size from polarization and opacity index β dust may be illusory. An implication is that the grain growth may be stifled around a relatively small size of order 0.1 mm for some reason (e.g., coating of grains by relatively non-sticky CO 2 ice that makes it harder for the grains to grow through collisions, . Another possibility is that there are indeed larger grains, although it may be hidden within the optically thick 0.1mm grains.
Our modeling of the specific case of HD 163296 highlights the general need for caution in evaluating the spectral index in disks that have intrinsically high contrast substructures right next to one another, such as rings and gaps. This point was made by ALMA Partnership et al. (2015) , among others, but it is worth stressing, particularly in the context of the aforementioned tension in two different methods of grain size estimation. It is especially true when optically thin and optically thick substructures are located close to-gether and the grains responsible for the emission are much smaller than the observing wavelengths. In such cases, there is rapid spatial variation of the spectral index from α ∼ 4 in the optically thin substructures to α ∼ 2 (or less if scattering is important and more efficient at a shorter wavelength) in the optically thick substructures. If the substructures are not (or are only barely) resolved observationally, their fluxes will be blended together, which will artificially increase the spectral index in the optically thick substructures and decrease that in the optically thin substructures. Because of their intrinsically low values, the fluxes in the optically thin substructures are especially susceptible to telescope beam averaging; the substructures must be well resolved in order to prevent the (high) fluxes from the optically thick substructures from leaking into the optically thin regions and overwhelming the (weak) intrinsic emission there. If there is significant contamination from the optically thick substructures, the optically thin regions will have a spectral index substantially lower than ∼ 4, which may be misinterpreted as evidence for large grains. Conversely, contamination from the optically thin substructures may change the spectral index in an optically thick region from α < 2 to 2, thus potentially hiding evidence for strong scattering. Given the wide-spread substructures detected in protoplanetary disks through DSHARP (Andrews et al. 2018) and other programs, there is a need to re-evaluate whether the relatively low opacity index commonly inferred for disks in the literature (Testi et al. 2014) , especially from early low-resolution observations (e.g. Beckwith & Sargent 1991) , is significantly affected by beam averaging or not. If so, it would go a long way towards alleviating the tension between the grain sizes inferred from spectral index studies versus that from scattering-induced polarization studies. High resolution observations that well resolve the disk substructures at multiple wavelengths are needed to determine whether the tension is real or merely a reflection of scattering and beam averaging.
Polarization Spectrum as a Test of Scattering-Induced Polarization
Besides low (α 2) spectra index, an additional test of the scattering interpretation of the polarization detected in HD 163296 can come from multi-wavelength data. In the optically thin gaps, the relatively small dust grains that we used in our models to maximize the polarization at ALMA Band 7 (λ=0.87 mm) are expected to produce lower polarization fractions at longer wavelength Bands, since the scattering should be in the Rayleigh regime where the scattering cross-section drops rapidly with increasing wavelength. If the inner disk and the first two rings are really optically thick, as indicated by our modeling, then the polarization spectrum (the distribution of the polarization fraction as a function of wavelength) would be different. In particular, Yang et al. (2017) showed that scattering-induced polarization fraction peaks around an optical depth of order unity for an inclined slab, dropping quickly to zero as the optical depth goes to zero and asymptoting to a finite value as the optical depth goes to infinity (see their Figure 3 ). It is unclear at the present time whether these expectations are met or not, since there is only polarization data at one Band (Band 7). Here we will make predictions for all other Bands where polarization observations are currently possible with ALMA, including Bands 6, 5, 4 and 3 (corresponding to λ =1.25, 1.5, 2.1, and 3.1 mm, respectively). These can be checked against future observations. In Figure 6 , we plot the spatial distribution of the polarization fraction in each of the ALMA bands in color scale (panels a-e) without effects of finite telescope spatial resolution. We also plot the radial distribution of the optical depth along the major axis for each band (panel f). Note that the maximum value for the color scale is different for each band, starting at ∼ 6% for the shortest-wavelength Band 7 and decreasing to ∼ 0.35% for the longest-wavelength Band 3. The change of polarization fraction with wavelength is discussed in detail below. Here, we focus on the spatial distribution of the polarization fraction, which has an interesting transition from Band 7 to Band 3. For all images, the azimuthal variation along the rings versus that along the gaps are opposite. Along the rings, the polarization fraction is higher along the minor axis (x = 0). Along the gaps, the polarization fraction is higher along the major axis (y = 0). The former trend is most clearly seen in the Band 3 image, while the latter trend is most obvious at Band 7. The azimuthal variation can be understood in terms of two competing effects: the inclination-induced polarization and the radiation-anisotropy-induced polarization. For both the rings and gaps, the inclination-induced polarization produces polarization parallel to the disk minor axis, but the radiation anisotropy is different between the rings and gaps. The radiation in the gaps comes mostly from the adjacent rings (or the inner disk), with an anisotropy in the radial direction leading to an azimuthally oriented polarization that adds to the inclination-induced polarization at locations along the disk major axis, but offsets the polarization at locations along the minor axis. On the other hand, the radiation in the rings comes mostly from the azimuthal direction, leading to a radially oriented polarization that offsets the inclination-induced polarization at locations along the major axis, but adds to the polarization at locations along the minor axis (see also Pohl et al. 2016, their Figure  7) . Such azimuthal variations for rings and gaps are present at the same time for Band 4 (panel c) and Band 5 (panel d).
Another interesting trend is that, as the wavelength increases, the inner disk becomes more prominent in the polarization fraction map: compared with the rings and gaps at large radii, its polarization fraction is lower at Band 7, but becomes higher at Band 3. The former is due to high optical depth (see panel f), while the latter comes about because the inner disk has an optical depth of order unity at Band 3, which is optimal for producing polarization through scattering (Yang et al. 2017) . In all cases, the polarization orientations are broadly similar to that displayed in Figure 4e for Band 7, with the deviation angles from the disk minor axis increasing somewhat with wavelength.
In Figure 7 , the predicted polarization spectra (polarization fraction as a function of wavelength) are plotted for three representative locations on the major axis: the inner disk at R = 20AU, the D48 gap, and the B67 ring. In the gap, the polarization fraction decreases monotonically with increasing wavelength and approaches the steep power-law λ −3 for Rayleigh scattering toward the longest wavelength bands with the lowest optical depths. In the ring, the spec- Figure 6 . Spatial distribution of the polarization fraction for 5 ALMA bands at λ = 0.87, 1.25, 1.5, 2.1, and 3.1 mm (panels a-e) where the polarization capability is available. The dashed white ellipses mark the location of the rings. Panel f plots the distribution of the optical depth as a function of radius along the major axis for each band.
trum is drastically different. The polarization fraction is higher for the longer wavelength Band 6 than the shorterwavelength Band 7, which is the opposite of the common expectation based on the simplest Rayleigh scattering. The reason for this spectral inversion is that the ring is optically thick at both wavebands, but more so at the shorter wavelength band (see Figure 6f ), which reduces the polarization fraction at Band 7 relative to that at Band 6 (Yang et al. 2017) . This difference in the shape of the polarization spectrum is characteristic of the scattering-induced polarization in highly structured disks such as HD 163296, and should be searched for through multi-wavelength observations. As the wavelength increases further, the ring starts to become optically thin, leading to a drop of the polarization fraction with wavelength, as expected. The inner disk differs from the ring and gap in that it remains optically thick even at the longest wavelength band. Its polarization fraction decreases with wavelength, but rather slowly, approximately as λ −0.85 , which is much shallower than the naive expectation based on Rayleigh scattering. The shallow spectrum is a result of decreasing optical depth with wavelength, which makes the inner disk detectable in polarization at all 5 ALMA bands. The predicted polarization spectrum for the inner disk, if confirmed by future observations, would provide strong evidence supporting the notion that dust scattering is responsible for both polarization and the low spectral index in the region.
Implications for other disks
As mentioned in the introduction, there is evidence that dust scattering is responsible, at least in part, for the (sub)millimeter polarization detected in an increasing num- ber of disks, with HD 163296, IM Lup, and HL Tau as arguably the best examples. Like HD 163296, IM Lup has polarization data published only in one ALMA band (Band 7, Hull et al. 2018) , although data have been taken in Band 6 (ALMA project 2019.1.00035.S, PI: C. Hull). Preliminary results indicate that the Band 6 polarization is also oriented along the disk minor axis (as in Band 7) and that its polarization fraction is higher than that in Band 7 (Hull et al., in prep.) . This "inverted" polarization spectrum (compared with the simple expectation based on Rayleigh scattering) could be indicative of the IM Lup disk being optically thick at both Bands 6 and 7, but more so at Band 7 than Band 6, as illustrated by the B67 curve in Figure 7 . There is an indication that the spectral index α between Band 6 (Cleeves et al. 2016; Andrews et al. 2018 ) and Band 7 (Cleeves et al. 2016; Hull et al. 2018 ) is less than 2 in the central region of the disk (within about 50 AU), which is independent evidence for strong dust scattering, as is the case for HD 163296.
The HL Tau disk has the most complete published multi-wavelength polarization data and spectral index information to date (Kataoka et al. 2017; Stephens et al. 2017; Carrasco-González et al. 2019) . In particular, the disk also has rings and gaps and there exists a similar anti-correlation between the Stokes I and spectral index, which suggests varying optical depth as a function of radius, similar to the case of HD 163296. The polarization at Band 7 is mainly along the disk minor axis and thus favors the dust selfscattering explanation at this shortest wavelength band. The polarization at the longest wavelength band (Band 3) has an azimuthal orientation, which complicates the interpretation of scattering-induced polarization, indicating that additional polarization mechanism(s) may be at work 6 (Kataoka et al. 2017; Stephens et al. 2017; Yang et al. 2019) . The lowest spectral index between Band 7 and 6 was found to be ∼ 2 at the rings, which is indicative of an optically thick ring that may or may not be scattering-dominated. Carrasco-González et al. (2019) fitted the spectral energy distributions at different radii including both emission and scattering by spherical grains of power-law size distributions and suggested that the relatively low opacity index (β 1) at small radii requires maximum grain sizes in the millimeter range (see their Figure 7 ). Such grain sizes would be too large to produce the observed polarization orientation, especially in Band 7, (Yang et al. 2016 , see their Figure 7 ). This tension may be alleviated if β at small radii is significantly affected by beam averaging, which can average out the high opacity index (β ∼ 2) from the relatively small (10 2 µm) grains responsible for scattering-induced polarization in the optically thin gaps and the low apparent opacity index (β 0) from the same (small) grains in optically thick rings (see Figure 5b for an illustration). Some indication that this may indeed be the case comes from comparing the spectral index between Bands 6 and 7 for the first gap at ∼ 13 AU obtained by ALMA Partnership et al. (2015) at a resolution of 38.6 × 19.3 mas (β ∼ 1.1 − 1.5, see their Figure 3c ) and that by Carrasco-González et al. (2019) at a resolution of ∼ 50 mas (β ∼ 0.5, see their Figure 3 , lower panel). It is plausible that at an even higher resolution β in the gap may increase further, approaching the standard ISM value of 1.7 for small grains even more closely. There is some hint that the spectra index α near the center is below 2 (see Figures 2f and 3c of ALMA Partnership et al. 2015) , which provides some additional support to the interpretation of scattering-induced polarization, at least near 6 Scattering-induced polarization may still be present at Band 3 in HL Tau, but its fraction may be too low (of order 0.3%, see Figure 6e ) to compete with other mechanism(s).
the center, as in the HD 163296 case; however, the lessthan-two α disappears after smoothing with a larger beam (Carrasco-González et al. 2019) . Higher resolution observations and a more detailed analysis of the data are needed to make a firmer case.
CONCLUSIONS
In this paper, we have modeled the well-observed protoplanetary disk HD 163296, which has a resolved polarization pattern at ALMA Band 7 (λ = 0.87 mm) strongly indicative of scattering by ∼ 10 2 µm grains and an apparently low spectral index between ALMA Band 6 (1.25 mm) and 7, which is traditionally taken as evidence for emission by large, millimeter-sized, grains. As such, it provides an ideal target to investigate the apparent tension between the grain sizes inferred from polarization and spectral index. Our main results are as follows:
1) We find that our disk model with grains of sizes up to a max = 90µm broadly reproduces the total intensity (Stokes I) observed at 1.25 mm (ALMA Band 6), the spectral index α between 0.87 and 1.25 mm after beam convolution, and the polarization observed at 0.87 mm (see Figure 5 ). In particular, the unusually low spectra index α ∼ 1.5 observed in the inner disk ( 30 AU) is reproduced naturally, as a result of the region being optically thick at both wavebands and the fact that scattering by the relatively small (∼ 10 2 µm) grains is more efficient at the shorter wavelength; the latter flattens the spectral energy distribution, forcing the spectral index below the Rayleigh-Jeans limit α = 2, as pointed out by Liu (2019) and Zhu et al. (2019) . We are able to reproduce the spectral index inferred for the two innermost rings and gaps as well, but for a different reason. In our model, the rings are optically thick at both wavebands, with an intrinsic spectral index α < 2 as a result of scattering (deviation from the Rayleigh-Jeans power-law also contributes to the low α at the outer ring where the temperature is low). The gaps are optically thin, with an intrinsic α ∼ 4, as expected for small grains. Convolution with the telescope beam brings the spectral index in the rings up, to α ∼ 2, and that in the gaps down, to α ∼ 2.5, both of which are broadly consistent with the observationally inferred values (see Figure 5 ). The ability for relatively small, 0.1 mm-sized grains to reproduce the spectral index provides a much-needed, independent piece of evidence for scattering-induced polarization in this source, especially in the inner disk where α < 2, which is difficult to understand without scattering. 2) Rings and gaps in a disk like HD 163296 produce unique wavelength-dependent patterns in scattering-induced polarization that can be used to further constrain the scattering mechanism. In particular, at shorter wavelengths where the rings are optically thick and gaps optically thin, the polarization fraction is higher in the gaps than in the rings, where the polarization fraction is lowered by large optical depth. Along the gap itself, the polarization is higher along the major axis than along the minor axis (see Figure 6a ). The azimuthal variation is a natural consequence of competition between polarization by radial anisotropy of the radiation field in the gap and polarization by disk inclination. The former is in the azimuthal direction, while the latter is in the direction parallel to the disk minor axis. Together, polarization is enhanced along the disk major axis, but reduced along the disk minor axis. Both the optical depth effect and azimuthal variation are observed in HD 163296 at 0.87 mm (see Figure 1b of Dent et al. 2019) . At longer wavelengths where both the rings and gaps are optically thin, the polarization in the rings becomes more prominent relative to that in the gaps, with a higher polarization fraction along the minor axis of the ring (see Figure 6e ); this opposite sense of azimuthal variation is also a consequence of the radiation anisotropy, but in the azimuthal (rather than radial) direction in the rings. Together with polarization induced by disk inclination, polarization is reduced along the major axis, but enhanced along the disk minor axis in the rings. 3) Scattering-induced polarization has very different spectra across the ALMA Bands (from 0.87 to 3 mm) in rings and gaps. In gaps that are optically thin at all wavebands, the polarization fraction decreases rapidly with increasing wavelength (roughly as λ −3 ). In the rings, the polarization may increase with increasing wavelength, depending on the optical depth (see Figure 7 ). This inversion of polarization spectrum (i.e., higher polarization at longer wavelength) in optically thick rings but not in the neighboring optically thin gaps is a tell-tale sign of polarization produced by scattering. It should be searched for with high-resolution multiwavelength polarization observations that resolve the disk substructure. 4) High-contrast substructures such as rings and gaps now commonly observed in protoplanetary disks complicate the use of spectral index α to infer grain sizes unless they are well resolved. If they are not, the telescope beam averages the low and high values of α in the optically thick and thin regions, respectively, into an apparently intermediate α value that may be misinterpreted as evidence for large, millimeter-sized grains. Accounting for beam averaging has the potential to alleviate the tension between the grain sizes inferred from studies of scattering-induced polarization versus that from spectral index studies, but more work is needed to quantify the extent to which it has affected the grain size estimation in individual sources.
